In this study, an extended Stroh formalism for two-dimensional linear anisotropic viscoelasticity is developed for the problems of interface corners between two dissimilar viscoelastic materials. In this formalism, the solutions for the displacements and stress functions in the time domain can be written in the form of a matrix function using complex variables. The correspondence relations for viscoelastic analysis are then obtained and verified for material eigenvectors, displacement and stress eigenfunctions, singularity orders of stresses, and stress intensity factors. Explicit solutions for the material eigenvector matrices in the Laplace domain are also obtained for standard linear and isotropic linear viscoelastic solids. To calculate the singularity orders and stress intensity factors of the interface corners, four different approaches are proposed. Through numerical examples on cracks, interface cracks, and interface corners, an approach using the path-independent H-integral in the Laplace domain with an elastic near-tip solution, which takes the correspondence relations for singularity orders and stress intensity factors, is demonstrated to be better than the other three approaches.
Introduction
Polymeric materials, which are primarily viscoelastic materials, have been widely used in engineering applications, such as for the underfill and molding compound applied to protect the C4 (Controlled Collapse Chip Connection) bump or chip within electronic packages from harmful environments. To promote the development of new materials for modern industries, considerable attention has been devoted to investigating the viscoelastic behavior of different anisotropic polymer systems, such as polymer nanocomposites, polymer liquid crystals (LCs), cross-linked LC elastomers, and polymer suspensions, which may possess anisotropic viscoelastic properties (Volkov, 2005; Selivanov, 2010) . The interface corners between two dissimilar materials are structural configurations that commonly appear within engineering objects. Due to the discontinuities in the geometry and material properties of the interface corners, a considerable number of failures initiate from these critical regions. Therefore, there is an urgent need for fracture analyses to estimate the safe limits and fracture modes at the interface corners in viscoelastic materials.
To understand the mechanical behavior of viscoelastic materials, solutions for the deformations and stresses are generally required. In this paper, the Stroh formalism (Stroh, 1958; Ting, 1996; Hwu, 2010) for anisotropic elasticity and the correspondence principle (Read, 1950; Sips, 1951; Brull, 1953; Lee, 1955) between linear elasticity and linear viscoelasticity will be utilized to derive the general solutions of viscoelasticity, which will then be called an extended Stroh formalism for linear anisotropic viscoelasticity. If the boundary of a viscoelastic body is invariant with time, the correspondence principle is generally employed to obtain the viscoelastic solutions from the corresponding elastic solutions. To utilize the correspondence principle, it is necessary to clearly state the correspondence relations of certain important matrices used in the Stroh formalism, such as the material eigenvector matrices A and B and the complex function vector f for the general viscoelastic problems. Through a detailed mathematical derivation, the correspondence relations for A, B and f will subsequently be provided in this paper.
For the problems of interface corners, it is important to know the correspondence relations of the fracture parameters, such as the singular orders d a , the matrix of the singular orders D, the eigenfunction matrices of the displacements and the stress functions V and K, and the stress intensity factors k. However, although many related research works have been published, such as the cracks/corners in homogeneous viscoelastic media (Atkinson and Bourne, 1989; Bourne and Atkinson, 1990; Lee, 1997; Han et al., 2001a; Shkaraev and Savruk, 2002) and the interface cracks/corners between two dissimilar viscoelastic materials (Lee, 1998; Han et al., 2001b; Kay et al., 2002; Hsiao et al., 2004; Chang, 2004) , no clear correspondence relations for the fracture parameters have been proposed. Therefore, another important goal of this paper is to provide the correspondence relations for d a ; D; V; K, and k.
Because of the mathematical complexity, it is not easy to provide a rigorous proof for the correspondence relations of the aforementioned fracture parameters. Therefore, in this paper, their relations were assumed before the verification based on the knowledge of general relations for stresses, strains, and elastic stiffnesses. Through the proper assumptions for the correspondence relations of the fracture parameters and the known calculation methods for the associated elastic interface corners (Hwu and Kuo, 2007; Hwu et al., 2009; Kuo and Hwu, 2010; Hwu and Kuo, 2010) , four different approaches are proposed in this paper to calculate the singular orders and stress intensity factors in the time domain. These approaches are (1) the time domain H-integral with elastic near-tip solutions, (2) the time domain H-integral with viscoelastic near-tip solutions, (3) the Laplace domain H-integral with elastic near-tip solutions, and (4) the time domain definition of stress intensity factors.
When using correspondence relations to obtain results in the time domain from the associated values in the Laplace domain, a numerical method is required to perform the inversion of the Laplace transform. Therefore, before verifying the correspondence relations of the fracture parameters through proper numerical examples, a detailed survey on the numerical Laplace inversion has also been conducted and tested in this study, including Schapery's collocation method (Schapery, 1962) , the Stehfest method (Stehfest, 1970) , and the inversion through curve fitting of particular functions. The majority of the examples demonstrate that Schapery's collocation method is the most appropriate inversion method for the approaches proposed in this paper; therefore, no description of the other methods is provided.
To verify the correctness of the proposed correspondence relations and to demonstrate the approach that is more appropriate for calculating the singular orders and stress intensity factors, three representative numerical examples are presented and discussed in this paper. These examples include a crack in a homogeneous viscoelastic material, an interface crack between two dissimilar viscoelastic materials, and an interface corner between a viscoelastic material and an elastic material.
Extended Stroh formalism for linear anisotropic viscoelasticity
In a fixed Cartesian coordinate system, x i ; i ¼ 1; 2; 3, the constitutive law for homogeneous linear anisotropic viscoelastic materials, the strain-displacement relation for small deformations, and the equilibrium equation for the static loading condition can be written as
ð2:1Þ where i; j; k; l ¼ 1; 2; 3; repeated indices imply summation, and a comma represents differentiation; u i u i ðx; tÞ; e ij e ij ðx; tÞ, and r ij r ij ðx; tÞ are the displacements, strains, and stresses, respectively, in which x ¼ ðx 1 ; x 2 ; x 3 Þ denotes the spatial coordinate and t denotes time; C ijkl C ijkl ðtÞ is the elastic stiffness tensor whose components are also known as the relaxation functions of viscoelastic materials, and the symmetry of stress and strain implies C ijkl ðtÞ ¼ C jikl ðtÞ ¼ C ijlk ðtÞ; the operator Ã denotes the Stieltjes convolution, i.e.,
where the second equality is obtained under the condition that wðtÞ ¼ 0 when t < 0.
By combining the three sets of equations given in (2.1) and applying the symmetric property of relaxation functions, we obtain C ijkl Ã du k;lj ¼ 0:
ð2:3Þ If l is independent of time, which will be proven later for standard linear viscoelastic materials, (2.5) will lead to
ð2:6aÞ 
where
ð2:9bÞ
Note that at this stage, the values of l and a are not influenced by multiplication of the transform variable s for Q ik ; R ik and T ik defined in Eq. (2.9b) because the right-hand side of the equality Eq. (2.9a) is zero. Here, the appearance of the multiplication factor s is entirely due to the correspondence principle that is presented later in this section.
After obtaining l and a from (2.9), a (whose kth component is a k ) can be obtained by the Laplace inversion of a. Because (2.9) is exactly the same as that for an anisotropic elastic material, which has been proven to have three pairs of complex conjugates l to guarantee a positive strain energy density (Ting, 1996; Hwu, 2010) , we may let where N is a 6Â6 fundamental elasticity matrix and n is a 6 Â 1 column vector defined by
and
In (2.18), the superscript T denotes the transpose of a matrix.Q, R, and T are three 3Â3 real matrices defined in (2.9b). The subscript or superscript s denotes the value in the Laplace domain.By taking the Laplace transform of (2.14a) and comparing the results with (2.16a), we see that
and the eigenrelation (2.18) can be derived from (2.13).
Material eigenvalues and eigenvectors
From the general solutions derived in (2.14) for the time domain and in (2.16) for the Laplace domain, we see that the material eigenvalues, l s a , and the material eigenvector matrices, A s ðsÞ and B s ðsÞ, play important roles in the extended Stroh formalism for linear anisotropic viscoelasticity. Although these parameters can be determined from the eigenrelation presented in (2.18), due to the dependence on the transform variable s, it is inconvenient for numerical programming. Using the correspondence principle, an alternative and more direct route for calculating the material eigenvalues and eigenvectors can be found from the explicit expressions obtained by the Lekhnitskii formalism for two-dimensional linear anisotropic elasticity (Lekhnitskii, 1968; Ting, 1996; Hwu, 2010 
4cÞ
Note that the above formulations apply to the cases of generalized plane strain, which is the same as with two-dimensional anisotropic elasticity problems. For problems of generalized plane stress, the transformed elastic stiffnesses, C ij , and the reduced transformed elastic compliances, S r ij , should be replaced by the reduced transformed elastic stiffnesses, C r ij , and the transformed elastic compliances, S ij , respectively.
Standard linear viscoelastic solids
The standard linear viscoelastic solid is a mechanical model whose relaxation functions can be written in the following form 
ð3:6Þ
By substituting (3.6) into (3.5) and taking the Laplace transform, we obtain That is, the material eigenvalues of isotropic linear viscoelastic solids are independent of the transform variable s and are consequently independent of time. Because the material eigenvalues are repeated and a sufficient number of independent material eigenvectors cannot be found for this degenerate case, the material eigenvector matrices A s and B s do not exist. To employ the Stroh formalism to the degenerate cases, which is constructed under the assumption that all material eigenvalues are distinct, a small perturbation can be made on the material properties of isotropic viscoelastic solids. by following the method stated in (3.1)-(3.4), we obtain
Àið1 þ e À cÞ To more clearly demonstrate the behavior of isotropic linear viscoelastic solids, two common cases are considered below. The first case employs a constant bulk modulus, whereas the other employs a constant Poisson's ratio. Note that these two cases are too simple to reflect the actual mechanical behavior of viscoelastic solids. The former is based on the assumption of elastic behavior in dilatation, and the latter is based on the assumption of synchronous shear and bulk moduli. Several studies, e.g., Tscharnuter et al. (2011) and Chowdhuri and Xia (2012) , have revealed that these assumptions can significantly influence the obtained results. However, gathering accurate time dependent data for viscoelastic properties is difficult and time consuming (Brinson and Brinson, 2008) , and accurately representing the viscoelastic materials is not the primary subject of this paper. Therefore, for the convenience of our discussions, these two common assumptions are still considered as special cases of isotropic viscoelastic materials.
(i) jðtÞ ¼ constant Consider the case of an isotropic medium characterized by the shear and bulk relaxation functions GðtÞ and jðtÞ. If the bulk modulus, j, is a constant and the shear modulus, G, follows the form of the function given in (3.5), i.e., it can easily be shown that the elastic stiffness (3.12) will not satisfy the requirement (3.5) for standard linear viscoelastic solids. Thus, the relations obtained in (3.6)-(3.11) should all be re-derived. By following the same method described in (3.6)-(3.11) for this type of isotropic linear viscoelastic solid, we obtain 
ð3:22Þ
It is known that the Lame constant, kðtÞ, is related to the Poisson's ratio, mðtÞ, and the shear modulus, GðtÞ, by kðtÞ ¼ 2GðtÞmðtÞ 1 À 2mðtÞ : ð3:23Þ
By substituting (3.23) into (3.12) and using (3.22), it can be shown that the elastic stiffness (3.12) will satisfy the requirement (3.5) for standard linear viscoelastic solids and that all of the relations given in (3.6)-(3.11) will be valid for this type of isotropic linear viscoelastic solid. With ð3:24Þ
Substituting (3.24) into (3.18), we obtain The explicit expressions of A s and B s obtained in (3.25) are in the form of (3.11) for general standard linear viscoelastic solids.
Interface corners in viscoelastic materials
Consider an interface corner between two dissimilar anisotropic viscoelastic materials (Fig. 1) in which a local polar coordinate system ðr; hÞ is specified at the corner tip. Perfect bonding is assumed along the interface, and a traction-free assumption is imposed on the corner flanks, which can be mathematically expressed as (Hwu, 2010) Mat. 1 
½
. By using the stress function obtained in (4.3), the surface traction r along the h ¼ 0 direction in the Laplace domain can be written in a matrix power function form as (Hwu, 2012) 
where V Vðh; tÞ and K Kðh; tÞ are the eigenfunction matrices of the displacements and stress functions in the time domain, and K is related to the matrix of singular orders DðtÞ by DðtÞ ¼ Kð0; tÞ < d a ðtÞ > K À1 ð0; tÞ: ð4:10Þ
Generally, the singular orders, the stress intensity factors, and their associated eigenfunction matrices are related to the material properties for interface corners. These parameters are independent of the material properties only for certain special cases, such as for a crack in a homogeneous material. The proposed relations (4.9) 1À4 primarily arise from the facts that the singular orders d a and their associated eigenfunction matrices V and K for cracks in homogeneous linear isotropic elastic materials are independent of the material properties. Knowing that the material properties of viscoelastic materials in the Laplace domain are functions of s, and Lfag ¼ a=s if a is a constant, thus, to keep the facts that d a ; V; K of cracks are independent of s, the most possible relations should be those proposed in (4.9) 1À4 . Through the numerical verification, it will be shown in Section 7 that these relations are also applicable to general interface corners whose d a ; V, and K may be dependent on the material properties. As to the relation (4.9) 5 for the stress intensity factors, it simply arises from the correspondence principle for stresses.To verify the correctness of the relations (4.9), four different approaches for calculating the stress intensity factors are proposed in the following section. The comparison of these four different approaches will then be presented in Section 7 through several numerical examples of interface corners and cracks.
Calculation of stress intensity factors in the time domain
It has been shown in our previous studies (Hwu and Kuo, 2007; Hwu, 2012 ) that the path-independent H-integral is a stable and efficient method for calculating the general mixed mode stress intensity factors for the interface corners between two dissimilar anisotropic elastic materials. In this section, we attempt to extend this method to the interface corners of viscoelastic materials. To illustrate the applicability of the H-integral to the cases with visco-elastic materials, let us summarize the results for cases with elastic materials presented in Hwu (2012) . In that study, the vector of the stress intensity factors k was related to the vector of the H-integral h by 
ð5:1bÞ
In (5.1), the prime 0 means the derivative with respect to the polar angle h; the overhat stands for the values of the auxiliary system; VðhÞ and KðhÞ are eigenfunction matrices of the displacements and stress functions, respectively, whose detailed expressions can be found in Hwu (2012) . u and t of (5.1b) 2 are the displacement vector and traction vector of the actual system, which can be obtained using any appropriate method, such as finite element, boundary element, or experimental testing, andû k andt k are those of the auxiliary system, which have been selected to bê 
, and the eigenfunction matrices of displacements and stress functions Vðh; sÞ and Kðh; sÞ of both the actual and auxiliary systems in the Laplace domain. Additionally, how to invert k s ðsÞ to obtain the real time domain stress intensity factors, kðtÞ. To clarify these two questions, we propose relations (4.9) and the use of the following four approaches to prove that the relations (4.9) are correct. These four approaches and all of the values required to calculate the time domain stress intensity factors in (5.1a) and (5.1b), or in (4.7) are described as follows.
Approach 1: time domain H-integral with elastic near-tip solution
(1) d a ðtÞ: the singular orders at time t calculated from the eigenrelation shown in Hwu and Kuo (2007) for the interface corners whose elastic constants are C ijkl ðtÞ. That is, in this approach at each particular time t, the materials are treated as elastic materials rather than viscoelastic materials. Thus, the obtained singular orders are those of the elastic interface corners without considering the time history of viscoelastic materials, which may be different from the actual singular orders of viscoelastic interface corners. One may see the difference from the numerical results shown in Section 7.
(2) VðhÞ ¼ Vðh; tÞ and KðhÞ ¼ Kðh; tÞ: the eigenfunction matrices of displacements and stress functions associated with the singular orders d a ðtÞ; a ¼ 1; 2; 3 of the interface corners whose elastic constants are C ijkl ðtÞ. (3)VðhÞ ¼Vðh; tÞ andKðhÞ ¼Kðh; tÞ: the auxiliary eigenfunction matrices of displacements and stress functions associated with the singular orders 2 À d a ðtÞ instead of d a ðtÞ for the interface corners whose elastic constants are C ijkl ðtÞ. (4) K ¼ Kð0; tÞ: calculated by Kðh; tÞ obtained in step (2) with h ¼ 0. (5)t k ¼t k ðr; h; tÞ;û k ¼û k ðr; h; tÞ: calculated by (5.2) with d a ðtÞ obtained in step (1), andVðhÞ andKðhÞ obtained in step (3). (6) t ¼ tðr; h; tÞ; u ¼ uðr; h; tÞ: the displacement vector and traction vector of the actual system, which are obtained from the ANSYS finite element software with the element PLANE183 using viscoelastic properties. (7) k ¼ kðtÞ: calculated from (5.1). In (5.7a), m is the number of the data points used to fit the stress curves near the corner tip, and the residuals In this study, the Gauss-Newton algorithm is employed to solve (5.7), i.e., the design variables are updated by (Kelley, 1999) (3) kðtÞ: calculated from the following relation (Hwu, 2012) k
where c is a 3 Â 1 vector of coefficients c a .
Remarks
(1) In general, the solutions obtained from Approach 1 are not for viscoelastic materials because the d a ; V and K obtained in this approach are those of elastic interface corners without considering the time history of viscoelastic materials. The solutions of this approach shown in the numerical examples are simply for reference to illustrate the time effects of viscoelastic properties.
(2) Approach 2 uses the correspondence relations for d a ; V and K, whereas Approach 3 uses the correspondence relation for k alone. The results from these two approaches can be compared with each other to assess the correctness of the overall relationships. (3) Approach 4 assumes that the eigenfunction K is known. Although the eigenfunction may be related to the calculation of the stress intensity factors, it does not influence the determination of the singular orders. Therefore, the singular orders calculated using this approach will not be influenced by the presumed correspondence relations and will become an important check for the other approaches. However, due to the inaccuracy and instability of the near-tip solutions obtained from finite element modeling, the solutions calculated using Approach 4 may not be exactly the same as the analytical solutions provided for the special cases.
Numerical inversion of the Laplace transform
In the descriptions of Approaches 2 and 3, some values in the real time domain were determined through the numerical inversion of the Laplace transform. To demonstrate how to numerically perform the Laplace inversion, Schapery's collocation method (Schapery, 1962) , which is the most common technique employed for viscoelastic problems, is briefly presented in this section. If a function f ðtÞ is approximately represented by
a k e Àb k t ; ð6:1Þ where A; B; a k and b k are constants in time and n is an arbitrary number of terms in the exponential series, the Laplace transform of (6.1) yields , and the powers of the exponential function in (6.1), b k , are assumed to be equal to s k , then a system of n þ 2 linear algebraic equations can be set to solve the n þ 2 unknown constants A; B, and a k ; k ¼ 1; 2; . . . ; n. The function values in the time domain can therefore be calculated from (6.1). In the numerical examples discussed in Section 7, the values of s k are selected as s k ¼ 10 6À12ðiÀ1Þ=ðnþ1Þ ; i ¼ 1; 2; . . . ; n þ 2; ð6:3Þ which will range s k from 10 6 to 10 À6 .
Numerical examples
In Section 5, four different approaches were proposed for calculating the stress intensity factors in the time domain. From the remarks presented at the end of Section 5, we know that if the numerical results from Approaches 2, 3, and 4 are close to each other, the correctness of the correspondence relations proposed in (4.9) can be verified. It is hypothesized that the results from Approach 1 may be different from those of the other three approaches and that the results from Approach 4 may encounter problems of inaccuracy and instability. To demonstrate their actual performance, three representative examples are presented in this section. These examples include cracks, interface cracks, and interface corners in viscoelastic materials. To obtain the actual physical quantities for each example, the commercial finite element software ANSYS with a 2D 8-Node structural solid element PLANE183 is employed in this study. To input the viscoelastic material properties, the shear and bulk relaxation moduli are expressed with a 2-term Prony series expansion and then written into the ANSYS data table using the TB,PRONY command. In Approach 3, the element PLANE183 is used without the setting of the Prony series to perform the elastic analysis, whose material properties are s C ijkl ðsÞ. The generalized plane strain condition is assumed for all examples. All of the applied loads are considered to be the type of the Heaviside step function, i.e., rðtÞ ¼ HðtÞr 0 , where r 0 is the applied constant load starting from time t = 0. As described in Section 5, depending upon the selected approach, the numerical results will be influenced by (1) element meshes (Ap.1-4), (2) integral paths (Ap.1-3), (3) number of terms in the exponential series, n, for Schapery's collocation method (Ap.2,3), and (4) number of data points m used in the optimization of nonlinear least squares (Ap.4). To provide the best results for each approach, discussions on these four issues are described below.
(1) Through the convergence test, in Approaches 1-3, the maximum number of elements used for Examples 1, 2, and 3 are 3791, 7582, and 2220, respectively. Because the accuracy of the solutions from Approach 4 depends on the correctness of the near-tip solutions obtained from the finite element analysis, very fine meshes are used in this approach, which are 111889, 619792, and 246402 for Examples 1, 2, and 3, respectively. To save the modeling process, through the symmetry of the problems considered in the examples, a one-quarter model, a half model, and a complete model are employed to implement the finite element analysis in Examples 1, 2, and 3, respectively. (2) To calculate the value of the H-integral from (5.1b) 2 , by the study of path independency, a circular path with radius r=a ¼ 0:6 is selected for Examples 1 and 2, whereas r=h ¼ 0:6 is selected for Example 3. (3) To determine appropriate terms for the numerical inversion of the Laplace transform, an interface crack, which is shown later in Example 2 (see Fig. 2 ), is employed to examine the dependence and convergence on series terms n. Theoretically, the larger the term n we choose, the better inversion we obtain. However, based on the convergent test shown in Figs. 3(a) and (b), 4(a) and (b) , we see that (i) the singular orders gradually converge when n increases from 4 to 39 and (ii) the stress intensity factors converge when n increases from 4 to 19 but diverge when n ¼ 39. Cost and Becker (1970) reported that it is possible that a large value of n may worsen the inversion due to the appearance of a considerable amount of rounding errors. Thus, based upon the convergence test results shown in Figs. 3(a) and (b), 4(a) and (b), the value n ¼ 19 is selected in Approaches 2 and 3 to perform all the following examples. (4) To provide an appropriate number m of data points for the nonlinear least squares method of Approach 4, an interface crack, which is shown later in Example 2, is employed to examine the dependence and convergence on data points. Because the singular effect dominates the stress behavior in the neighborhood of a corner tip and gradually fades as the evaluation point moves far away from the corner tip, the range of r k in (5.8) should not be too large and is selected as 0 < r k =a 6 1; a=1 mm in which r k /a is arranged as
where m also denotes the number of divisions between 0 and 1; p is the ratio of the final division to the first division, i.e., p ¼ ðr m À r mÀ1 Þ=ðr 1 À r 0 Þ, which is set to be 4000. The singular orders and stress intensity factors versus different values of m are shown in Figs. 5 and 6. From these two figures, we see that the convergent results are obtained when m approaches 2000, which is then the number of data points selected for Approach 4 to perform all of the following examples.
Example 1: A crack in a homogeneous viscoelastic material
Consider a central crack with crack length of 2a in a square plate subjected to a uniform tension of r 0 at two opposite edges (Fig. 7) .
If the plate size is infinite and is composed of homogeneous linear isotropic elastic materials, the analytical solutions of the singular orders and stress intensity factors are (Broek, 1974; Anderson, 1995) By employing the correspondence principle for viscoelastic materials, and following the derivation stated in (4.1)-(4.5), we obtain the singular orders and stress intensity factors in the Laplace domain as
If the presumed correspondence relations (4.9) are correct, the singular orders and stress intensity factors in the time domain can be obtained as
which are the same as the results of cracks in elastic materials (7.2).
To determine whether the presumed correspondence relations (4.9) are correct for this special case, four different approaches, which were outlined in Section 5, are employed to numerically solve this problem. To simulate an infinite plate, the plate width 2W is selected to be 30 times the crack size 2a. The mechanical properties of the viscoelastic materials can be described by Fig. 8 for the results of the singular orders, whereas a small discrepancy occurs in Fig. 9 for the results of the stress intensity factors. Among the values within 120 s, the maximum difference occurs for the values calculated using Approach 1 and Approach 4, which is 6.9% at time t = 20 s. The value calculated using Approach 3 is the closest to the value obtained from the analytical solution (7.4).
Example 2: An interface crack
Consider an interface crack between two dissimilar viscoelastic materials. The loading and geometry of this problem are shown in Fig. 2 . If the plate size is infinite and the presumed correspondence 
Comparison of the number of data points (m) used in the nonlinear least squares for orders of stress singularity dRðtÞ þ ieðtÞ.
relations (4.9) are correct, by following the procedure stated in (7.2)-(7.4), the analytical solutions for the singular orders and stress intensity factors of this example can be obtained as follows.
Solution for elastic materials (Rice, 1988; Hwu, 1993) 
6bÞ
Solution for viscoelastic materials in the time domain
where the e s of (7.7a) 4,5 is given in (7.6b) and the e of (7.7a) 1,2 is In this example, the reference length ' is selected to be 2a. The results for the real part, d R ðtÞ, and the imaginary part, eðtÞ, for the singular order calculated using the four different approaches and Eq. (7.7) are shown in Fig. 10 . Good agreement is observed between the different approaches, and the maximum difference also occurs for the values calculated from Approach 1 and Approach 4, which is 6.7% for eðtÞ at time t = 30 s. For the stress intensity factors, the results presented in Figs. 11(a) and (b) reveal that the maximum difference in the values of K I ðtÞ is 10.1% at t = 1 s, and that of K II ðtÞ is 14.2% at t = 30 s, and both of these values are the difference between Approach 1 and Approach 4. Again, the value calculated from Approach 3 is the closest to the value obtained from the analytical solution (7.7).
Example 3: an interface corner Consider an interface corner between a viscoelastic material and an elastic material. The material above the interface is a viscoelastic material whose properties are the same as Mat. 2 of Example 2, whereas the material below the interface is an elastic material whose Young's modulus and Poisson's ratio are
The loading, geometry, and boundary conditions of this problem are shown in Fig. 12 . The reference length is selected to be ' ¼ 10h ¼ 10 mm for this example. Fig. 13 reveals that the singular orders calculated using the different approaches are in good agreement with each other, whereas Figs. 14(a) and (b) reveal that a large discrepancy occurs for the values of K I ðtÞ calculated from Approach 1 and K II ðtÞ calculated from Approach 4. As stated in the remarks of Section 5, Approach 1 does not consider the time history of viscoelastic materials, and Approach 4 may encounter the problems of inaccuracy and instability of near-tip solutions. Thus, the good agreement between Approaches 2 and 3, which are not too different from Approaches 1 and 4, should be sufficient to support the correspondence relations and H-integral proposed in this paper. 
12. An edge interface corner between two dissimilar materials.
Example 4: the interface corners with different material combinations For comparison and for the use of ANSYS, only isotropic viscoelastic materials were considered in the previous examples. To demonstrate that the proposed technique is applicable not only to isotropic viscoelastic materials but also to general anisotropic viscoelastic materials, the interface corner (Fig. 12) from Example 3 is considered again using three different material combinations. In this example, the material above the interface is an anisotropic viscoelastic material (denoted by ANI) whose properties are whereas the material below the interface is an isotropic viscoelastic material with a constant bulk modulus, whose properties are
The three different combinations are then made by case 1: ANI/ ISO1, case 2: ANI/ISO2, case 3: ANI/ISO3. Note that to illustrate the influence of the different materials on the fracture parameters, the properties of the constituent materials were artificially created. To perform the anisotropic viscoelasticity analysis, the actual physical quantities were calculated using the BEM developed by our research group (Chen and Hwu, 2011) because the ANSYS can only be applied to isotropic viscoelastic materials. Furthermore, based on the results of the previous examples, we selected Approach 3 in this example to calculate the singular orders and stress intensity factors. Figs. 15 and 16 present the singular orders and stress intensity factors for these three different combinations. It was observed that both the real part and the imaginary part of the singular order, d R ðtÞ and eðtÞ, have the same decreasing trend with time, and their values follow the order of case 3 > case 2 > case 1. This result agrees with our engineering intuition that the singular order will increase if the difference between two dissimilar materials increases. For the stress intensity factors, different trends occur for the mode I and mode II stress intensity factors. Although this phenomenon does not appear to be consistent with engineering intuition, a similar phenomenon is observed in Fig. 11 for the case of interface cracks. For this simplified case, the analytical solution (7.7) with ' ¼ 2a leads to
which indicates that K I is independent of the material properties and K II is related to the material properties through the appearance of e s . Because the values of the stress intensity factors will be influenced by the selection of the reference length, further studies are required to determine whether the reference length is simply an auxiliary parameter or a material property for the general interface corners.
Conclusions
Through mathematical derivation and numerical verification, several new results obtained in this paper can now be summarized as follows.
(1) Eq. (2.14): The general solutions for two-dimensional linear anisotropic viscoelasticity in the time domain. 
